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A theoretical calculation is made of (the diagonal elements of) pressure-strain-rate
calculation pg'{p[Vu+ (Vu)?]) for a simple turbulent shear flow. This calculation
parallels a previous calculation of the off-diagonal element. The calculation is des-
cribed as follows. (1) Beginning with the Navier—Stokes equation, an expression for
the (diagonal) pressure-strain-rate term is derived analytically in terms of measurable
quantities (velocity spectra) — this derivation makes use of a cumulant discard.
(2) It is proved that, to lowest order in the spectral anisotropy, the diagonal pressure—
strain-rate term is linearly proportional to the diagonal Reynolds-stress elements.
(3) A formula is derived for the proportionality constants (Rotta constants) in terms
of arbitrary spectra. (4) This formula is used to calculate theoretically the numerical
value of Rotta’s constant C,; for models of velocity spectra (the variation of C;; with
variations of spectral shapes and of Reynolds number are also determined). (5) Defi-
ciencies and limitations of Rotta’s model are identified and discussed.

It is found that Rotta’s expression for 2p5Y(p 0u,;/91) is only valid for special spectra.
Surprisingly large deviations of Rotta’s expression from theory are found for a more
complex spectra thought to be typical of simple shear flow. In addition, it is found
that C,, is intrinsically and quantitatively different from C;; because the latter
depends importantly on the large-wavenumber part of the spectrum (the inertial
subrange) whereas the former does not. The numerical ratio C,/C,, is calculated
theoretically and shown to be about 2 for the zero-moment model. It is concluded
that a linear term in the stress anisotropy as proposed by Rotta does not always
exist. The deviation of Rotta’s model from theory is understood by distinguishing
between the spectral anisotropy and the stress anisotropy.

For the zero-moment spectral model, where the Rotta relation is valid, it is found
that C,; varies significantly with large Reynolds number but is rather insensitive to
the large-wavelength part of the spectrum.

1. Introduction

In a previous paper (Weinstock 1980), hereinafter referred to as I, an off-diagonal
element, 24, of the pressure-strain-rate tensor was theoretically calculated directly
from the Navier-Stokes equation. The theoretical 24%, was then compared with
Rotta’s model (1951) and with empirical determinations of the pressure—strain rate.
The purpose of the present paper is to calculate 24%, the diagonal elements of the
pressure-strain-rate tensor. The goals of this calculation parallel those in I. These are:
(1) to derive analytically an expression for the diagonal elements of the pressure—strain
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rate in terms of measurable quantities (the velocity spectra); (2) to prove that (to
lowest order in the spectral anisotropy) the pressure—strain rate is linearly propor-
tional to the Reynolds stress; (3) to derive a formula for the constants of proportion-
ality (Rotta constants) in terms of arbitrary velocity spectra; (4) to use this formula
to calculate analytically Rotta’s constant for models of energy spectra in nearly
homogeneous shear flows and investigate the variations of these constants caused by
variations of the spectra and flow parameters; and (5) to assess the validity or limita-
tions of Rotta’s model by comparison with the theory.

In I, it was not possible to investigate or assess Rotta’s model to any extent because
only an off-diagonal element of the pressure—strain rate was calculated. A more
extensive assessment is possible here because the three diagonal elements are calcu-
lated as well. Comparisons can also be made with empirical and experimental deter-
minations of the pressure-strain rate (e.g. Reynolds 1976; Hanjalic & Launder 1972;
Lumley & Khajeh-Nouri 1974; Launder, Reece & Rodi 1975; Lumley & Newman 1977;
Comte-Bellot & Corrsin 1966; Champagne, Harris & Corrsin 1970; Harris, Graham &
Corrsin 1977; and others).

1.1. Plan and assumptions of the calculation

The method of our calculation from the Navier-Stokes equation is the same as des-
cribed in §1.1 of I. It is outlined as follows. Nonlinear expressions for the velocity
fluctuations u and pressure fluctuations p are derived from a straightforward solution
of the Navier—Stokes equation. These expressions for u and p allow us to relate the
pressure-strain-rate tensor py ({(pVu) + (pVu)T) (p, is the density and the superscript
T denotes the transpose) to a two-point fourth-order velocity correlation. This
correlation is then evaluated analytically in terms of the single-point velocity co-
variance (i.e. the Reynolds stress) by a cumulant discard. The distinctions between
this calculation and those based on the direct-interaction approximation (Herring
1974; Leslie 1973; and Schumann & Herring 1976) were mentioned in 1. Briefly, we
are less ambitious than these authors because we do not calculate the energy spectra
as they do, but, instead, simply derive the pressure-strain rate in terms of the spectra.
Our calculation is less self-contained, but encompasses a wider range of turbulence
states and is entirely analytic.

The simplifying assumptions of the calculation are the same as in I. Qur intention
is to consider a simplified shear flow so that the underlying approximations will be
masked as little as possible by the complexity of that flow. We thus restrict ourselves
to: (1) a uni-directional mean flow U = (U (2), 0, 0) in a Cartesian co-ordinate system
(x,9,2); (2) 0U/oz and all ensemble-average quantities (correlation functions) are
assumed to vary only a little in space and time on scales 27kz! and 7, respectively,
where k; is the characteristic wavenumber of the energy-containing region of the
spectrum and 7 is the Lagrangian integral time scale; and (3) large Reynolds number.
The calculation can be readily generalized to more complex flow geometrics if that
should prove desirable. A correction for low-Reynolds-number flow is given in I
(appendix D).

The organization of this paper is as follows: In §2 the pressure-strain rate 24Y is
derived in terms of the velocity spectrumS(k) (a measurable quantity) to general
order in anisotropy. In §3, 24} is expressed explicitly in terms of the Reynolds
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stress (uu) = J dkS(k) to first order in the spectral anisotropy. Theoretical derivations
of Rotta’s expression for 245 and of the numerical value of Rotta’s constant C,; are
givenin §§4 and 4.1. There it is shown that Rotta’s expression for 24,; is only valid for
a special class of spectra including what is referred to as the zero-moment model. A
fundamental difference between 24Y, and 24%,, and between C,, and C,,, is pointed
out in §4.2, and an expression is derived for the ratio C,,/C,,. Large deviations from
Rotta’s expression are found in §4.3 for a more general spectral model in which the
maximum (spectral peak) of S, occurs at a wavenumber different from that of the
maximum of §,,. This spectrum, referred to as the higher-moment model, was found
to occur in a nearly homogeneous shear flow by Kaimal et al. (1972). A discussion of
the theoretical deficiencies and limitations of Rotta’s model is given in §5. The
deviations of Rotta’s model from theory is understood by distinguishing between the
spectral anisotropy and the stress anisotropy. A selective comparison with experi-
ments is made in §6, a discussion of errors in the theory is given in §7, and a summary
with conclusions is given in §8.

2. Derivation of pressure-strain rate in terms of velocity spectra

In this section the diagonal elements of the pressure-strain-rate tensor are derived
in terms of measurable velocity spectra. The pressure—strain rate tensor occurs in the
Reynolds-stress transport equation and is defined by

ps Kp[Vu + (Vu)?1),

where u = u(r,t) is the fluctuating part of the fluid velocity at position r at time
t, p = p (r,t) is the fluctuating part of the pressure at r and ¢, and the angle brackets
denote an ensemble average (mean value). Our object is to calculate the diagonal

elements
2 p%> 2 <p3uy> 2 <p3uz>
Po\" /7 py\" Oy /7 po\" 2/

where z, y, z are the three Cartesian co-ordinates, and u; is the component of u along 3.
First we calculate 2p5'(0u,/dz); afterwards, it will be simple to obtain the other
diagonal elements (given in appendix B). Much of our calculation is very similar to
the previous calculation of the off-diagonal element 2p5(p du,/0z) given in I, and,
for the sake of brevity, some proofs of our derivation will merely be quoted from
there. However, sufficient details will be included to make the present derivation
complete and coherent.

It is most convenient to evaluate (pou,/dz) in terms of its Fourier transform
expressed as follows:

1
= —— * 3 1
@0/ = ~ 5 [ D, )ik pll, ), (1)
where the asterisk * denotes the complex conjugate, ¥V is the volume of the system,
and u,(k) and p(k) denote the Fourier transforms of %, and p defined by

u,(k,t) = fdruz(r,t)exp ik.r
and
p(k,t) = [drp(r,t)expik.r.
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Both p and u, are obtained from the Navier-Stokes equation. The fluctuating part
of that equation is given by
\%
%‘:-Hu-;—U Vu=(u.Vu)—7p+u.VU+vV2u, (2)
0
where U is the mean flow velocity, v is the molecular viscosity, and p, is the fluid
density {assumed to be constant). Equation (2) is obtained from the Navier-Stokes
equation by subtracting out its average.
First we obtain p, and afterwards u. A useful expression for p is obtained, as is well
_known, by taking the divergence of (2) and using V.u = 0 (incompressibility):

Vap(t) o 0%, 0l
oo —-V.(u.Vu) T (3)
where
(u.Vu) =u.Vu-{u.Vu) 4)

is the fluctuating part of u.Vu, and we have used the idealized flow U = [U(2), 0, 0]
so that V.(U.Vu+u.VU) = 2(9u,/ox) (8U,/0z). An expression for p is now obtained
by taking the Fourier transform of both sides of (3) and neglecting the spatial variation
of oU,/0z compared with that of u,. The result is
2ik, U

potp(k,8) = N(k, t) + 5 uy(K, £) (5)
where u(k, ¢) is the Fourier transform of u, and N(K,¢) is the transform of the non-
linear fluctuation term V.(u.Vu)’ given explicitly by
dk, k

k
@k [u(ky, ulk —ky, ) —<ulky, Huk —ky, )] 7. (6)

In (6), we have used the inverse Fourier transform

Nkt =—

u(r, t) = (2m)-* [ dk,u(k,, t)expk.r. (7)

Substitution of (5) in (1) yields the pressure-velocity correlation in the familiar
form
205 () du(t) /02y = 2AN, + 24H,

N — __ J *
A% =~y [ dickCut (0, ) N K, 1),

w2 e (58) ey e 2

where 24, is seen to be the contribution to the pressure-strain rate coming from the
turbulent-velocity fluctuation part of p, and 24 is the contribution from the mean-
velocity (mean-strain) part of . Note that the expression for 4%, differs from the
analogous expression for A%, given in I only because k, occurs in the integral instead
of k,.

It is the term 4% in (8) for which Rotta (1951) proposed his model. This term con-
tains the third-order (triple-point) velocity correlation (u¥N) and, hence, presents
a familiar problem of closure. A (closure) calculation of (u}N) is given in I in great
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detail. In that calculation, u, is expressed as a second-order velocity fluctuation
(which is obtained by formally solving the Navier-Stokes equation), so that (u}N)
can be expressed as a fourth-order velocity correlation. A cumulant-discard approxi-
mation is then applied directly to that fourth-order correlation to obtain {u}N) in
terms of a two-point covariance (closure). Since the details of that calculation are
already given in I, we shall present only the result here. Thus, the expression for A% is
obtained from equation (27) of I by multiplying the integrand of (27) by k,/k, (the
fact that AL} and A%, are related by the factor k,/k, in their k-integrals is seen by
comparing the present equation (8) with equation (11) of I). We thus have immediately

o [dk [ dk 7,bE(K) k2
ay - -2 gh, [T sl ) ©)
where
S(k) = Quck, t)u*(k,t)> V1, J‘(—i%sS(k) = {uu), (10)

(a tensor) is the velocity covariance spectrum at wavenumber k and time ¢, k, = k - k;,
and b#(k), 7, and & are defined by

b=(k) = k,kz — k2k2/k2,
7, = (3mH{(k3 + k) : Qaud] 4,

k k,oU,
— -17x72 770
(kvo) kz az .

(11)
)

Here v} = {{u.u) is the mean-square fluctuating velocity of the turbulence, and 7,
is recognized to be characteristic of the decay time of a spectrum at wavenumber
(k3 + k)% (e.g. Kraichnan 1959). (Note that (9) differs from the expression for A%,
given in (27) of I in that b**(k) = (k,/k,)b occurs instead of b. Note, too, that
(2m)78 J' dkS(k) equals (uu) because the spectrum S(k) is defined as the Fourier trans-
form of the two-point velocity covariance.)

Equation (9) determines the pressure-velocity correlation 4% in terms of a mea-
surable quantity (the velocity spectrum §). This equation is a principal relationship
of our work. No approximations have been made about the anisotropy, so that (9)
is valid to all orders in the anisotropy. The main limitation of (9) is to slow vari-
ation of mean quantities in space and time, and the main approximation is the
cumulant discard discussed in I (see appendix A of I).

If the velocity spectrum were known by theory or experiment, it would then be
straightforward to evaluate (9) and thereby determine the pressure-strain rate (to
general order in the anisotropy). As pointed out in I, some aspects of S are known
fairly well and other aspects of S can be modelled to permit a useful evaluation of (9).
The dependence of 4Y on variations of the models, and on the flow parameters, can
then be tested. In the following sections we make such an evaluation of (9) to first
order in anisotropy to determine AY in terms of the Reynolds stress. This theoretical
AY is afterwards compared with Rotta’s model and with experiment.

Let us next continue to the evaluation of (9) to first order in the anisotropy.
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3. AZ to first order in anisotrophy and stress

The purpose of this section is to evaluate A%, as given by (9), explicitly in terms of
the Reynolds stress. This evaluation is made to first order in the anisotropy, and the
resulting expression is compared with Rotta’s model. Our calculation of A}, parallels,
and is very similar to, the calculation of A%, already given in I. The difference, as
mentioned above, arises from the factor k,/k,.

To expand AL, in powers of anisotropy, we divide S(k) in (9) into an isotropic part
S(k)! and an anisotropic deviation S(k)4 as was done in I:

S(k) = S(k)+S(k)4,

S(k)! = 2712(| _1%_12‘) ]f]_izﬁ) (12)

1 is the identity matrix, and E(k) is the scalar energy spectrum, which satisfies
[dkE(k) = §<u.u) = 343, (12")

Similarly, the stress tensor is divided into an isotropic part v31 and an anisotropic
part a: {uu) = vZl+a. (13)
We emphasize that the spectral anisotropy $4 is more general than the stress
anisotropy a. This distinction, which is illustrated by the fact that a zero value of a
does not imply a zero value of 84, is found in §4.3 to cause a departure from Rotta’s
model, Note, too, that the definition of $/(k) in (12) and (12') implies that

tr(27)78 [ dk S(K) = tr(2m)3 [ dk S7(k) = <u.u),

which means that there is no net energy in tr $4; i.e. the anisotropy corresponds to
more energy in one direction than another, not to a change in the total energy.

Equation (9) can now be linearized by substituting (12) and (13) and neglecting
all second- and higher-order terms in the anisotropy (S4 and a). This linearization
yields

AN — 9 dk [ dk, (amp :bzz: [S(k,) S(ky)T+ S(k,)! S(k,)] : k?
= @nye ) @ (65 +B)E oo,
_ b=:S(k,)IS(k,) : K?
2(k2 + k2)% v k2
which gives A% to first order in the spectral anisotropy (the quantity & is nonlinear
and very small).

It is not difficult to express the right-hand side of (14) in terms of the Reynolds
stress. A useful simplification for this purpose comes from incompressibility:

k,.S(ky) = 0, Kk.S(k,) = (k;+K,).S(ky) = k;.S(ky).
The first term in the integrand of (14) can thus be expressed, with (12), as

[(k2 +K3) :a]}, (14)

2
b= : S(k,) S(k,)! : k22 = [kz K,.S(k,).2 _% (k,.S(K,). kz)]

(kl.k2)2] 2By

[ T
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and the second term is expressed, after interchanging the dummy variables of inte-
gration (k,—k,, k,—~>k,), as

2 2
b*: S(k,)'S(k,) : k*%* = [kzklz_kazzkl:r -5 (k2 & I;:kz) )]
2 2

X [kz-s( 1)Kol —55—

2m2E (k,)

g (9

The third term in (14) has been evaluated in a straightforward, though lengthy,
integration, and we have found it very small in comparison with the first two terms;
it is henceforth neglected.

To express (15) and (16) in terms of stress-tensor elements {u,%;), let us expand
out the spectral terms k,k,.S(k,).2 and k,.S(k,) .k, in (15) and (16) as follows:

k Ky S(ky).2 = kb (kyy Suyt Koy Sy, + Ko Sr), (17)
K,.S(k,) . ky = k3,8, + K2, S, + k&S, + 2y, oy Sy + 2higr ooy Sy + 2y KpyS,,s  (18)

2y~ yy 2y ay

where to condense notation we use S;; to denote S;;(k;) (¢,j = 2,¥,2) so that, for
example, S,, = 8,,(k,). It is desirable to eliminate the off-diagonal spectral elements
Sy Beas 8y, because Rotta’s hypothesis predicts that 4% should depend on only the
diagonal elements 8;;, in the form {w u;) = (2m)3 f dk1 11(K,). Expressions for the
off-diagonal elements (in terms of the diagonal elements) are easily obtained from
the incompressibility conditions

kls(kl)ﬁ = klzszx+k1y yz+k1z 2z = 0, k S( ) 9 = 0’ kls(kl)2 =
Simple combinations of these conditions yield the off-diagonal elements as

2k k S = _k%zszz k]y wT k%zSzz!
2k klezz - _k%zs klezz+k1ySyy’ (19)
2k1u klzsyz == k%u Sw — k3. 8+ K32 S

which allows us to eliminate the off-diagonal elements in (17) and (18). Substituting
(15)-(19) into (14) we have AL expressed in terms of the diagonal elements as follows:

dky [ ARy [VooSua(Ky) + Yoy Syy(Ka) + ¥ S5o(K1)] E (k)
N _ _9(L 3 1 | 22 L/ 2Pzl 1 2YYY 22722
Azz (277) f(zﬂ)af 471_ ’Uok ) (20(1/)
kz_(k f( 2 * (k2yk22_k2zk22 kzxkzy) 2 ]
k2+k2 %kz k ( 19: ):Iklz-l_B k x+ klyklz klzklz klxkly klz ’
(20b)
2)? Ic kog ko, kozky, Kok
1 2 _ 2y * er ez  “2xay ey Mg
721/ k2 %k [Zk ( klz )] +B [k y+ (klzklz klzkly kly klz) kly] ’
(20¢)
gt [ e ()
k2 +k2 ,}kz kzk% 7 kly klz

ko ko, ko ko, koyk
P 2 ex oy Maxf2z oy 2z 2 20
+ Bz [kzz + (klzk klxklz klyklz) klz] ’ ( d)

2-—Z[k2 (k. k)2 (B3 + k)2 E-2, (20¢)

k, .k,

BT: {k klz 22 k2
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where the k integration has been transformed into a k, integration by k = k; + k,,
and k, = k,/k, is the unit vector along k,. The y,; arise from straightforward algebra
when (19) is substituted into (15) and (16). We wish to reassure the reader that
although 7,; is complex looking, the integrations in (20a) can be performed quite
simply, as is done in appendix A. Furthermore, the term [k2 — (k,.k,)] k,k,, is domi-
nant in vy, with the other terms of y,, providing a small correction. The terms B¥k3,
and B*k3, are dominant in y,, and y,,, respectively.

Equation (20a) can be expressed easily in terms of the stress (u2). To do so we
write simply

Syi(ky) = 8y5(ky) Cud) [(2m) [k, Sk, )],
E(ky) = E(ky) (303) [(4m) 1 [dkey B (k)] Y,
which are identities, to obtain
ALY = — (kEve(ud) + kF, viu) + kX v{ud)), (1)

where k,; is a wavenumber defined explicitly by

dk, (dKyy,E(ky)Sy(k) [ [ dk A, B
i = 3mt [ [ et | [ 2 s [ 2227 )

That is, k¥ is the mean value of y,, averaged over the velocity spectra S;;(k;) and
E(k,) k52 The value of k¥ can be calculated readily, as is done in §4. As mentioned
in I, (k%) is a novel kind of integral scale because it is a double integral over two
spectra. This integral scale is a basic characteristic of the pressure-velocity correla-
tion; a knowledge of k¥ is equivalent to a knowledge of A%.

To compare (20a) with the Rotta model we first express k¥ in terms of the energy
dissipation rate ¢ and the energy density e, = (2)¢2. This is trivial to do because
(k¥ v,)~* and €/e, both have the dimensions of time so that (20a) can be written
immediately as

€
2A£\ZI = ———8— [ﬂzz<u§> +:Bzy<u121> +ﬂz2<u§>]7 (22)
0
where £, is a dimensionless proportionality constant given by
B = 2kF(ey/€), (23)
= a(1mh (Yo dk, d_kz')’ziE(kz)Sii(kl)
Boy = 6(37) ( . )f(zn)a T Redw (24)

Equation (22) determines A% in terms of the stress (u%), and the numerical coefficients
f.; are determined in terms of measurable quantities (spectra). Note that (22) agrees
with Rotta’s model if §,, = #,, = — $4,.. The numerical value of £, is calculated in
§4 for two classes of spectral models. Expressions for the other diagonal pressure—

strain-rate elements 4%, and 4}, are given in appendix B.

4. Theoretical calculation of £,; and Rotta’s constant

To complete the calculation of 4% we must calculate the numerical values of the
proportionality constants f,;. This calculation is very similar to the previous calcu-
lation of C,,, the Rotta constant, made in T (§6 and appendix B of 1) for models of
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the spectrum S. The sensitivity of f,; to these models can be examined after the
calculation.

The calculation of f,; consists of performing the k, and k, integrations in (24).
This integration is divided into two parts. First we integrate over the directions
(spherical angles) of k,; and k, and afterwards we integrate over their scalar magni-
tudes. The integrations over the directions of k; and k, are given in appendix A.
There it is found, for spectra satisfying (29), that £,; is given by (see (A 20), (A 28),
and (A 29))

2o (P BISE(ky) Eii(ky)
Boi = d; (3m)t ( ),f dkf ks k2+k2%e0(u2) (25)

d,=d,=—036, d,=072,

where E(k,) is a scalar spectrum obtained by integrating S,,(k;) over a spherical
shell of radius k,; i.e.

k2 2n g .
E (k) = ﬁfo d¢1f0 df,sin 6, S;,(k,), (26)

which satisfies f"j" dkE (k) = {u?). Comparing (26) with (12) it is seen that E,; also
satisfies ¥ = §(E€,,+ E,,+ E,,). The uncertainties in our values of d,, d,, d, are small
for the model spectra (29) that are used in this section. The variation of d; with vari-
ations of the model is calculated in §4.3.

Before integrating (25) to obtain the numerical value of f,;, we call attention to the

expression obtained by substituting (25) into (22):

k2 k3 B (ky)

2Ag = — 0‘72(%7T)'} Uofw dklfw dk2 W

[B,u(ky) = (k) — 3B, (k)] (27)
(Similar expressions for A%, and A2, are given in appendix B.) There are two evident
features of (27): AY is seen to approach zero (as it must) as the spectrum approaches
isotropy and, more noteworthy, A% can be non-zero (with a consequent flow of fluid
velocity) even when the fluid stress is isotropic ((u) = (uZ) = (u2)). This is because
the spectrum need not be isotropic even though the stress (uu)is;ie. £, —31E, —1E,
need not be zero even though (u2)—}{(u2)—3(ul) is zero. Such a case cannot be
described by Rotta’s model. We refer to that case as a higher-moment spectral
anisotropy ((uu) is the zeroth moment of the spectrum S), and will discuss it in §4.3.
For the remainder of this section we restrict ourselves to calculating §,; for the more
typical case of anisotropic fluid stress {uu).

4.1. Calculation of B, for the zeroth-moment model (Rotta’s model)

The numerical value of §,; is obtained by integration in (25). However, to perform
this integration we must resort to a model of £ and E,;. Afterwards we will examine
the sensitivity of 8,; to that model. We use the same model of £ that was used in I to
calculate the off-diagonal Rotta constant C,, and that was previously used by Comte-
Bellot & Corrsin (1966) and by Reynolds (1976) to estimate a parameter of decaying
turbulence. It is given by E(k) = aetk-t for ky < k < k,, B(k) = aet(k,~3-m) km for
k < kz,and E(k) ~ O for k > k,, where k, is the ‘ cut-off” wavenumber due to molecular
viscosity, m > — 1 is an adjustable parameter, and « ~ 1-5 is the Kolmogoroff con-
stant. In this model, there is made the familiar assumption that E(k) has a maximum
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value, or peak, at some wavenumber k;, and that the main contribution to the
velocity integral f = dkE(k) comes from k in the vicinity of k. This vicinity is called
the energy-containing region. The relationship between ¢ and » or e, for this model
is given by substitution of £ into (12'):

v§ = aetkzi{1+§(m+ )R] (R, > 1),} (28)

Rv = (ku/kL)%)

where the ‘Reynolds-number’ term B;* comes from the viscous ‘cut-off’ at k,. B, is
related to the viscosity v by R, ~ vy/vky.

The modelling of E,; is a little intricate because, as seen in (27), A depends on the
differences between E,,, E,,, and E,. To aid us in understanding the influence of
E,, on AY (and B,;) it is quite useful to characterize the form or shape of E,, in terms of
moments. Thus we define the nth moment of E;; by f * dkk*E (k). The zeroth moment
is simply the stress, i.e. f *dkE;; = (u?). We will consider two models for our calcula-
tion of g,,: first, the elementary model in which E_,, E, , E,, differ from each other
only in their zeroth moment but not in their higher moments. That model is simply

E:cx(k) — Ew(k) — Ezz(k)
Cuzy  uf)  ud)
which determines E, (k) to be E, (k)= [(u})/e,)E(k) when use is made of
E =%(E,.,+E, +E,). This model is of special interest because, as seen below, it
leads trivially to Rotta’s relation (30). The zero-moment model is so-named because
it guarantees that the zero moments are correct [ f > dkB (k) = (u})] — which is im-
portant. The model is not numerically correct at very large k or at very small k, but
it is accurate for the intermediate range of k£ wherein is found a large contribution to
the integrations in (25). The most questionable feature of this model is that the peaks
of E,,, E,, and E,, all occur at the same wavenumber k;. (This feature is tested in
§4.3.) This model also deviates a little from local isotropy. However, small deviations
have been found in shear flows (Champagne et al. 1970). The second model we will use
for E,; contains differences between the higher moments of E,,/(u2), E,, /(uZ), and
E,,/(u?), including different peak wavenumbers. This higher-moment model is given
in §4.3.
It is easily seen that the model (29) gives us Rotta’s relation. That is, substitution
of (29) in (25) gives immediately g,, = 8,, = — 48, so that the pressure-strain rate
(22) becomes

(spectral model 1), (29)

€
243 = ry Cos (3<u2) — 3Quz) — $Cud))

OZZ = %ﬂzz’
which is of the same form as Rotta’s model of ALY since [3{u2) —§(u2) —(u2)] =
{u2) — %¢,. Note that, for later convenience, we have defined the (Rotta) constant
C,, = 3f,, to make (30) conform with the notation in I. Similarly it is found in appendix

B that the other diagonal elements of the pressure-strain rate also have the form of
Rotta’s model:

(30)

248 = == Cu @) —3ep) (i =,9,2),
0

C,r = C,, = C, (for model (29)).
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The C,; are equal for the model spectrum in (29), but not necessarily for other spectra.
Finally, the numerical value of the Rotta constant C,, = $4,, is obtained by sub-
stituting the model expressions of E,; into (25) and integrating:

i

0= pamt 019 LI gt oty - Ry,
C,,=21 (for R, = 50), (31)
C, =29 (for R, = 1,000),

C,.=136 (for R, = c0),

which can be shown to be insensitive to m, the large-wavelength behaviour of the
spectrum. Such an insensitivity was also found in I for the off-diagonal constant C_,.
A new, and quite interesting, feature found in (31) is that C,, varies significantly with
the ‘Reynolds number’ R, even when R, is large. Consequently, C,, may vary from
one flow to another in a predictable way. The numerical value of theoretical C,, lies
within the range deduced by empirical and experimental determinations (e.g. Hanjelic
& Launder 1972; Launder et al. 1975; Champagne et al. 1970; Reynolds 1976) but is
substantially larger than the value deduced by Lumley & Newman (1977) from the
data of Comte-Bellot & Corrsin (1966) (a value, incidentally, which implies slow
return to isotropy when near isotropy). We will discuss the variously determined
values of C,,, and the uncertainty in our C,, caused by our assumptions, in §6. First,
we wish to call attention to an inadequacy of Rotta’s model. This inadequacy is in the
assumption that C, = C,,; i.e. that the coefficient of the off-diagonal element (of the
pressure-strain-rate model) is equal to the coefficient of the diagonal element in the
linear limit of very small anisotropy. There is a qualitative and numerical difference
between C,, and C,,, as discussed next.

4.2, Comparison between C,, and C_,: an inadequacy of Rotta’s model

While substantial deviations from Rotta’s model are known to occur when the
anisotropy is large, it is widely supposed that the Rotta model is valid in the asymptotic
limit of small anisotropy and large Reynolds number. However, we find that thisisnot
the case; a numerical and qualitative difference exists between C,, and C,, even for
vanishing small anisotropy. This difference is easily seen by comparison of (25) with
the expression for C, given by (39) of I. The latter expression is

= (17 % ® ° k%kEE(k2)Ea:z(k1)
Cpe = (3m) ( " )fo dklfo dk, 0+ BB e .’ (32)

where E_, (k) = (271)—3k§ﬂ" d¢1ﬂ’ df,sin 6, 8,,(k,) is the average of S, (k,) over a
spherical shell just as E,,(k,) is the average of S_,(k,) over a spherical shell. The ratio
of this C,, to C,, = §4,,1in (25) is

2 f dky f Ay K28 (2 4+ 2) 3 B (k) B (k) <ty
e . (33)
= 3, f i, f kK R3 (2 + K3) 4 B(ky) B, (ky) /<ot
0 0

Q
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The qualitative difference between C,, and C,, comes from the fact that £, decreases
rapidly with %, in the inertial range (i.e. it is found experimentally that E_,(k,) cc k7%
or k73 when k; > k), whereas E,,(k,) decreases relatively slowly with £, in the inertial
range (i.e. E(k,) oc k;¥ when k, > k;). Consequently, the contribution to C,, from
inertial-range scales is very small, whereas the contribution to C,, from inertial-range
scales is large. Thus, C,, and C,, differ physically.

There is also a significant numerical difference between C,, and C,, as seen by
comparing (31) with equation (44) of I: The numerical ratio between them is

%g =21 (1+R;¥-R;1) (for model (29)), (34)

xz

where we have multiplied C_, in equation (44) of I by the factor (1 — R;?) which was
previously omitted. Thus C,, is about twice as large as C,,. This difference can be
attributed to inertial-range scales (as seen by analysing the integrations in (33) with
3d, ~ 1).

One could argue that the assumptions used to derive C,, and C,, may vitiate (33).
However, the same assumptions were used for C, as for C,,, and the resulting errors
tend to cancel out. Such a cancellation is especially evident for the main assumption
of this work — the cumulant discard. In this assumption we derive (in I) a third-order
velocity correlation as a product of two second-order correlations multiplied by a
characteristic time 7% ~ (kvy)~1 (i.e. {vvv) cc f dk{vw) {(wvv) 7¥%), and this 7* cancels out
of the ratio (33). More importantly, there is a fundamental basis for the form of (32)
and (25) as follows. From the point of view of elementary perturbation theory (non-
linear interactions between Fourier components of p and du,/dz) the off-diagonal
pressure-strain-rate element A%, can be viewed as the interaction (coupling) between
the turbulence kinetic energy E(k) and the off-diagonal velocity correlation S, (e.g.
ouy )0z —>tk,u,—~ —ik,u.Vu, oc k2u,u, and pocu.u). For this reason, the magnitude of
A, depends on the product (E) (8S,,) summed over all Fourier components. Similarly,
AD represents the coupling between the turbulence energy £ and diagonal velocity
correlations S;;, so that 4 oc (E) (8;;). Consequently, A% differs from A%, because of
the intrinsic difference between S;; and S,,. Furthermore, A% (and C,,) obtains a
greater contribution from inertial-range scales than does A%, (and C,,) because, in
that range, 8,, is much greater than §,,. Hence, the fundamental difference between
C,, and C,, exists regardless of the degree of anisotropy.

4.3. Variations of AN and C,; with spectra E,;: higher-moment model

In §4.2, AY and C,, were calculated for the model spectrum (29). The purpose of this
section is to examine the variations of A} as well as of A, and 4}, caused by varia-
tions in the spectrum; i.e. to examine the model-dependence of AY. For this purpose
we choose a simple spectral model in which the maximum of E,_, occurs at a wave-
number k; which differs from the wavelength k7 at which F,, is a maximum (to
simplify the calculation we take E,, = E,, although (u2) > {u2) in a simple shear
flow). This model is illustrated in figure 1, and is suggested by the data of Kaimal et al.
(1972). Our purpose is to determine how C; and AY vary with k. /k7; we characterize
k1. /k;, by the first-moment expression
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Frcure 1. Higher-moment spectral model of E,.(k) and E,,(k) showing that k7 =+ kg.
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(35)

(As was pointed out by a referee A%, could vary with (u2)/(u2) as well as with &7 /k;.
To simplify matters, we concentrate on the variation of A% with k7 /k;, which we
have found to be a greater variation.) In our model, we also take (u2)/{(u2) = (k. /k7)%,
which is suggested by both experimental and theoretical considerations discussed in
appendix C, so that in this model %, /k7, is not an independent parameter. The details
of the calculation of A, are given in appendix C. There we find very large deviations
from Rotta’s model when k7 /k; > 2. Particularly unexpected, is the discovery that
Bz + — 3B, In (22), so that the basic form of Rotta’s model is violated. Thus, for
kp/kp = 2, (u2)/(u2)y = 2-% we obtain

24 — _ef CO[1-17 (u2) — 0-26 (u2) — 0-58 {u2)],
0

24N — _ef C0[0-52 (ugy — 0-58 (u2) — 0-58 (u], (36)
0

24N = _f; CO[1-17 (u2) — 0-26 (u2) — 0-58 (u2)],

where C? ~ 2, Equation (36) shows a surprisingly large and fundamental deviation
from Rotta’s model. Indeed, this equation shows that the pressure—strain rate is not
even proportional to the stress anisotropy (u?)—3%e,, when kz/k; equals 2. Note,
particularly, that the coefficients 0-52 in A%, and 0-26 in A} are very large deviations.
In fact, the deviations can be so large that even the sign of A can differ from Rotta’s
law. Such a difference in sign from Rotta’s model was recently found in atmospheric
boundary-layer flow (Wyngaard 1980). In such a case, of course, nonlinear terms are
essential to describe A%, and this will be discussed at length in a companion paper.
A physical interpretation of (36) is discussed at the end of appendix C. Briefly, it
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is that if the shapes of the spectra E, (k)/<u2) and E_(k)/{u?) differ from each
other, then some of the energy that would otherwise be transferred from £, to £,
is used, instead, to redistribute the energy contained within E_, (i.e. to change the
shape of E,,). In general, if k; + k;, then A% is given by

24 = = = CO[Biaul) + By U+ B i), (37)

where the coefficients §;; = f;;(kz/k;) are functions of k7/k;, and their numerical
values are given explicitly by (C 4), (C 6)-(C 9). These coefficients approach the Rotta
values f;; =1, f,, = B, = B, =—4%, etc. when k7 /k; approaches unity; i.e. the
Rotta form holds in the asymptotic limit of small spectral anisotropy. For shear flows,
we estimate (from the assumed dependence of f,; on {u2y/{u2y =~ (k/k7)¥) that
{u?) must be within 209, of (u2) in order for the Rotta form to be correct within a
factor of 2 — which is still a substantial deviation. We conclude that a term linear in
the stress anisotropy a,; as proposed by Rotta does not always exist (such a term is
approached asymptotically only as the spectral anisotropy approaches zero, or when
E,;/<{u?) is the same for all 7). Thisis because the linear term of AY is actually linear
in the spectral anisotropy S#, rather than in the stress anisotropy a,;, and a small value
of a;; does not always imply a small value of S4. Another way to explain this con-
clusion is to point out that SZ, can itself be a nonlinear function of a;;, so that a
quantity linear in S7j (24 is such a quantity) is not always linear in a,;.

Generally speaking, Sg requires two or more flow parameters to specify its influence
on Af. The stress anisotropy a,; furnishes only one; k7 /k, furnishes another. To
illustrate this symbolically we note that 42 is proportional to Sii(k) and the latter,
in our model, can be expressed in the form

Sti(k) = ay; Fy(k) + Fyy(ky/ker, k),

where F(k) is a function normalized to unity, and F}; is a function which depends on
k1/k; (but not on a,;) and vanishes only when k7 /k; equals unity. For this model,
S#(k) cannot be approximated by the Rotta form a,, Fy(k) unless k7 /k, is close to
unity, which illustrates why the validity of Rotta’s model is more restricted than is
generally supposed. (Our extreme example is that it is possible for a;; to be zero and
yet for S#, and consequently A%, to be non-zero. A model based on a is obviously
inadequate for that case. In more general cases, 87 /a,; is not necessarily the same for
all ¢ and j, and the differences cause deviations from Rotta’s model.)

The important question that emerges is whether or not k7, /k;, differs from unity in
real flows; i.e. do higher moments of E,, differ from those of E,, in actual flows? This
question can be answered by experimental determinations of H;(k) (which require
measurements of S;;(k) as a function of k). Information on S,,(k) has been partly
provided by experiments (e.g. the spatial isocorrelation measurements of Champagne
et al. 1970 and Harris ef al. 1977). However, further measurements of S,, and of S,,
and S, are required to determine k7 /k;. The atmospheric measurements of S;;(k,,)
by Kaimal ef al. (1972, figure 17) suggest that k7 /k; is quite large (exceeding 3) at
very-high-Reynolds-number shear flow. In that case, one can expect large deviations
from Rotta’s model as in (36). Again, we emphasize that these deviations occur in the
linear anisotropy term — nonlinear terms have not been considered. We also wish to



Theory of the pressure-strain. Part 2 15

emphasize our belief that nonlinearities can be very important (e.g. Harris et al. 1977),
and these will be discussed separately. Indeed, the observations of Harris ef al. cannot
be explained by only the linear term (37).

5. Further discussion of invalidities of Rotta’s model
5.1. Diagonal elements of Rotta’s model

The purpose of this section is to discuss and emphasize the limitations of Rotta’s
model noted in §§4.2 and 4.3. There, it was seen that Rotta’s model is not generally
valid as a linear anisotropy term. The main deficiency is that the diagonal pressure—
strain-rate element AY is not even proportional to the stress anisotropy a;; except
for special spectra such as B, /(u2) = E_ [{u2) = E,,[{uZ) (only the zeroth moments
of E, differ). The other reason is that O, & C; (althoughC,,/C,;isdetermined). In both
cases, the deficiencies of Rotta’s model occur because A% depends on small spectral
scales (the inertial-subrange scales) as well as on the larger scales (the energy-containing
scales), and it is not generally possible to characterize simultaneously both spectral
ranges with a single flow quantity such as the stress anisotropy a;;. Put simply,
more than one moment of the spectrum may be required to characterize the large
spectral range that determines A%, (a;; furnishes only one such moment). We must
therefore conclude that Rotta’s hypothesis is not generally valid as a linear term in
anisotropy. It can be used as such for special spectra when account is taken of 0, /C,,.

Curiously enough, although 4% is not generally linear in the stress aniostsropy a;,
(27) suggests that Rotta’s physical arguments work very well for the spectra E;(k,)
at each wavenumber (as distinct from the integral over all wavenumbers). That is, it
is seen that 24 depends on the spectra in the anisotropic form

E;%(kl) = Ezz(kl) - %Eaxv(kl) - %Ez/y(kl)'

Hence, Rotta’s physical arguments are borne out at each particular wavenumber.
For this reason, if all the energy were concentrated in a single wavenumber, described
by E,;(k) = (u?) 8(k — k), we would then have 242 proportional to {(u2) — ${u2) — §<u2),
as hypothesized by Rotta. The difficulty with this hypothesis, we see, is that different
scales are weighted differently in their contribution to 24% because EZ(k,) is not
generally proportional to {uZ)— {u2)— }{u2). Consequently, Rotta’s arguments are
qualitatively correct but not generally quantitative.

5.2. Off-diagonal elements AY,

The second deficiency found in Rotta’s model is that C,, # C,;. This difference occurs,
as explained in §4.2, because C,, depends on E_, and consequently receives important
contributions from only large wavelengths (of E,,), whereas C;; depends on E,; and
consequently receives important contributions from both small and large wave-
lengths (of E,;). The ratio C,;/C,, is computed to be about 2 for the zeroth-moment
spectral model. For general spectra, A3, can be modelled by a single flow quantity,
whereas AY cannot. In all cases we conclude that the off-diagonal elements of the
pressure-strain rate should be modelled differently from the diagonal elements.
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6. Comparisons with experiments

In this section we will briefly compare our theory with the experiments of Comte-
Bellot & Corrsin (1966) and Champagne ef al. (1970). We also wish to comment on the
very large nonlinearity observed by Harris et al. (1977). The comparisons should
necessarily be brief because, for reasons given in §§4.3 and 5, a calculation of A%
requires more information about the spectra E;; or S,; than is available.

The data of Comte-Bellot & Corrsin was used with the Rotta form of AY by
Lumley & Newman (1977) to derive C}; = 1 for the Rotta constant (C); = 2 with
their definitions); a value, it was pointed out, that could explain the observed slow
return to isotropy. This value differs from (31) and was observed in I to differ from
our theoretically calculated value C,, = 1-6. Several possible explanations for this
difference were mentioned. Among these is that our theory is limited to quasi-
stationarity, whereas the experiments were for rapid energy decay; a second possi-
bility is that the cumulant-discard approximation of the theory introduces a numerical
error. These explanations are still possibilities to be investigated. The third possible
reason given seems to be borne out by our present calculation: this is that the Rotta
model may not be correct even when a, the stress anisotropy, is small as in the
experiments. Thus, we have shown that the validity of Rotta’s model requires spectra
of a special form, and the experiments of Comte-Bellot & Corrsin (1966) do not
provide information on §;; needed to determine whether or not Rotta’s form is valid
for that experiment. In a decay experiment there is no obvious source of large-scale
wavelengths that can ensure that the shapes of £, /(uZ) and K, /{u) are the same.
This may explain why departure from isotropy at moderate as well as large correlation
distances is found in the later grid-decay experiments of Comte-Bellot & Corrsin (1971).
Curiously enough, if we were to assume (although we do not have the right to) that
the ratio of spectral peak wavelengths is given by ky/k; ~ ((u2)/(u2))} as in our
shear-flow model of §4.3, then we find using (37) that the stress term f;;{(u%) +
Pra{ud) + f13{u3) equals approximately }a,, instead of the Rotta value a,;. Use of
that value (i.e. replacement of a,, by }a,,) in Lumley & Newman’s (1977) expression
for 24 would yield C}; = 2 (twice what they obtained), which is also in closer agree-
ment with the values calculated in §4.1. The observed slow return to isotropy might
then be explained by the fact that there is no energy source or other mechanism to
isotropize the largest scales. However, we must emphasize that this discussion is
entirely based on conjecture since E/{u?) is not known sufficiently, and, conse-
quently, 24{) cannot be determined precisely. Consequently, the interpretation of
Lumley & Newman remains a possibility.

The experiments of Champagne ef al. have the Rotta constants C;; given by
Cpp~ 23, C,, ~ 1-8, U, ~ 3-0, after multiplying by 3 to make their definition of U;;
agree with ours. The average of these values is in good agreement with (31). However,
this average agreement is somewhat fortuitous because, for a shear flow, the zero-
moment model on which (31) is based does not rigorously apply. Equation (37) should
be used instead. In addition, nonlinear anisotropic corrections (or corrections of order
(2U /92)?) must be suspected because of the large difference botween the experimental
C,, and C,,,. The difference demonstrates that, even for fairly weak turbulence, the
deviations from Rotta’s model are significant. This conclusion is not offset by
inclusion of the mean-strain-rate contribution A because it does not make a linear
contribution to 2p;(p du,/di); the linear anisotropic part of AY is zero.
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A dramatic observation of deviations from Rotta’s model was made by Harris ef al.
(1977). They measured 24 (e,/€)az;t, which we denote by C¥ for convenience, and
found that O}, was large and ‘highly variable’, ranging from 4 to 12 within a section
of their apparatus, while the observed values of (%, and C% were much smaller and
relatively constant. We point out a simple fact about this curious behaviour. This

fact is that the values cbserved for U}, are large because the linear anisotropy a,, =
{ul)—%e, is markedly small in those experiments. The influence of a small
a,, on CF, is easily seen if one writes the total contribution to the pressure-strain rate
AY, in the form

vy vy

€
24 = = - (Cpyyy+8y,), » (38)

where C, a,, is the Rotta term and A, is the deviation from the Rotta term. Clearly,
if, as in the experiment, a,, is very small, then measurements of 247} ¢;/ea,,, will be
very large (>C,,), even if the deviation A, is not large. That this is, indeed, the
experimental situation of Harris ef al. is found from the measurements of (u?) given
in their figure 3. For example, at the downstream distance ,/h = 10, they have
uZ/U% =24x10"4, uZ/U2= 14x 104, u2/U% = 9x 10~* so that a,, = 8-:3x 104U},
a,, =—17x10*U%, and a,, = —6-7x 10-4U3. It is seen that |a,,| is much smaller
than a,, and |a,|, with the consequence that |24}}e,/ea;;| is much larger for i =y
than for ¢ = x and z (since |4}, is nearly equal to | 47}| and }|A%;| in the experiment).
Hence, even a moderate nonlinearity can cause a large deviation from Rotta’s model
when a,,, is small.

7. Errors of the calculations

The major sources of error or uncertainties in our calculation are: (a) the simplifica-
tions and assumptions about the spectra used in the angular integrations given in
appendix A; (b) the assumption of an inertial subrange at large k; and (c¢) the cumulant
neglect used to derive (9). The errors due to spectral simplifications and approxima-
tions were discussed in detail in §7 of I and estimated to be only a few per cent for a
given model of E(k) and E_,(k). That discussion and conclusion applies to our calcula-
tion in appendix A and §4. It is the deviation of the spectra E (k) from the assumed
inertial subrange that can cause significant variations of C;; or AY. That is, the
calculated values of C,; and AY can be quite different if E;; does not vary as k~%in the
subrange (k;, < k < k,). Indeed, the existence of an inertial subrange is the basis of
our calculation of the numerical values of C;; and f;; in §4.

The major uncertainty of the theory is the neglect of the two-time fourth-order
velocity cumulant, which is not to be confused with the neglect of a one-time cumulant
in quasi-normal theory (e.g. Proudman & Reid 1954). As mentioned in I, the error
caused in 4% or C;; by our cumulant neglect has not yet been estimated — although
this ‘may be done at a future time.

8. Summary and conclusions

(1). (a) The (turbulent part of) the off-diagonal pressure-strain-rate elements 243
are derived theoretically in terms of measurable quantities (velocity spectra S). The
derived expression, which is given by (9), is valid to general order in the anisotropy.
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(b) The theoretical pressure-strain rate is then evaluated explicitly in terms of the
Reynolds stress (u?) to first order in anisotropy, and the numerical (Rotta-type)
constants) are derived in terms of the spectrum S,; in §3.

(2). Itis proved that the diagonal element 2A4%, is proportional to the stress aniso-
tropy a,; (in agreement with the Rotta relation) provided that the spectra has a
special form such as the zeroth-moment model; otherwise it is not. For that spectral
model, the Rotta constants C,; are calculated theoretically (and given by (31)). It is
shown that C;; is quite insensitive to the long-wavelength behaviour of the spectrum,
but that C;; varies with the ‘Reynolds number’ R, even for large R,.

(3). The diagonal elements 24%, are calculated explicitly for a more general class
of spectra referred to as the higher-moment spectral model, and the variation of
24% with the shape of these spectra is determined. This expression is given by (37).
Surprisingly large deviations of 24 from Rotta’s form are found when S_,/{u2) +
S,./{u?). If these spectra are sufficiently different, then the linear term of 24, can
even differ in sign from the Rotta term. In such a case, however, the nonlinear aniso-
tropic terms are clearly essential and not to be ignored.

(4). Tt is concluded that the Rotta model is not valid in the simple form given by
2AY = —(¢/e,) Ca. There are two aspects of this invalidity.

(@) The off-diagonal element 24, /a,, is intrinsically and quantitatively dif-
ferent from the diagonal elements 24%, /a,,. This is because the latter depend impor-
tantly on the large-wavenumber as well as the small-wavenumber part of the
spectrum, whereas the former depends mainly on only the small-wavenumber part
of the spectrum. Hence, 24%/a,;; + 24%,/a,,, which contradicts Rotta’s model.

(b) The diagonal elements 24% are not generally proportional to a,; except for
special spectra such as the zero-moment model (S,,/(u2) = S, /<u2) = S,,/{uZ)).

(56). The difference between 24%/a,; and 24%/a,, is calculated for the zeroth-
moment model, and it is found that C,;/C,, ~ 2. For that model, Rotta’s relation can
be used if the difference in C,,/C;; is taken into account; i.e. if one takes
2A4% = —(e/ey) Cayy, 2A%, = — (¢/e,) Cy,,, with C,,/C given by (34).

(6). Much emphasis is placed on the distinction between the spectral anisotropy
$4 = §— 87 and the stress anisotropy a = (uu) — 1. Tt is pointed out that the Rotta
model is the first term in an expansion of 2A¥ in powers of a, whereas the theory is
an expansion of 2AY in powers of S4. The validity of the Rotta model hinges on
whether or not the integrals of 84 such as (14) can be approximated as being propor-
tional to a. Such a proportionality is not valid for all spectra 84, and the deviations
from Rotta’s model that we calculate (in §4.2) are deviations from that propor-
tionality. A physical interpretation of these deviations is given.

(7). For nearly homogeneous shear flows, the theoretical linearized magnitudes of
24%; and 24)), given by (37) (with 8, and #;, determined from the data of Kaimal
et al. (1972)) is small, much smaller than 24 or than what is given by Rotta’s model.
This implies that nonlinear terms are essential. The need for a nonlinear correction, in
even weak-shear flows, is suggested by the experiments of Champagne et al. (1970),
wherein is found a significant difference between C,, and C,,. Larger nonlinearities
are found by Harris ef al. (1977). These nonlinearities should be explored in the
future. A preliminary calculation indicates that an important nonlinearity propor-
tional to (9U,/8z)* comes from 4}/, the mean-strain-rate contribution to the pressure—
strain rate. Such a term would not be difficult to model.
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Appendix A. Angular integration

In this appendix we wish to integrate (24) over the directions of k, and k, (as was
done in I for C,,). We integrate the f,, term first. The £,, and f,, terms will be trivial
to integrate afterwards.

Calculation of f,,

To integrate (24), it is convenient to divide y, into several parts, the first part of
which is dominant (the largest part) and the last part of which is relatively small.
(Such a division was also made in appendix B of I.) To obtain such a division we use
k, =k, + ko, and

— (k. K,)2 = k21— (K, .ky)2] = B2 [(1+ K, . k)2 -2k, k) (1 + K, kp)L, (A

in B*. We are thus able to write (20b-d) for y,, as

Ve = Veal1) +V2a(2) +722(3) + 722(4), (A 2q)

Vall) = —%%‘;i—l—"ﬁz (A 20)

vu) = Bl ik (e s )k, (A 20)
(3) = — 2"Z"§;f+‘ 25;‘,;4' Ky [k%z+ (Z:::Z— ijif— ::Z:I ) k¥z], (A 2d)

koo ko, ko ko, ko k
2 2zftoy  Roglo, Roylog) 50 2 2\~% 7.—2
. l:kzz'i' (kla:kly klzklz klyklz) klz] (kl+k2) k ’ (A 26)

Substitution of (A 2) in (24) thus yields the 4 parts of C¥:

Bee = P2+ B2+ 02 + B2,

B Vo€ [ 9Ky [ dKyy,.(j) B(ky) S,.(ky) . (A 3)
B = 6 (hm)t 220 (_2.77)3 4_772 k§e0<2u§) L (3_1,...,4).}

The B part is largest and simplest. It is given by substituting (A 2) in (A 3) as

e
Let 6 denote the angle between k, and k,:
k,.k, =k, k,cos6.
The dependence of the integrand of (A 4) on §is given, with k2 = |k, +k,|?, by
3,103 — (k. k)2l K3, A3(1—cos?6) (A 5)

K2+ iE+ 2K, K, KB+ K%+ 2k, kpcos 0
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Asin T, the chief assumption we shall make to evaluate B, as well as the other §%
is that the main contribution to the (scalar) k, and k, integrations in (A 4) comes
from k; ~ k,. This assumption was found in I (§7d) to cause an error of only about
29%, and greatly simplifies the integrations in (A 4). One basis of this assumption is
that the factor k3, k%/(k2+k}+ 2k k,cos6) is itself a maximum when &, ~ k, and
decreases fairly rapidly when k,/k, varies away from unity. The validity of the
assumption k, ~ k, is enhanced for the zero-moment spectral model used in §4.1
because §;; and E have their maximum values at the same wavenumber k;. That
assumption is weaker for the more complex spectral model of §4.3 (that model is
discussed separately in appendix C). Here, then, we approximate (A 5) by

kg, [ — (ky ko)) KRk (1—cos?6) 3K} (1—cosb)
B+ki+2k,. k,  (B2+k2)(L+cosh)  k2+k2

(A 6)

When (A 6) is substituted into the integrand of (A 4), the cos @ vanishes because the
remainder of the integrand is independent of #. Therefore, substitution of (A 6) in
(A 4) yields

(z1) — 6(%77)%?)—06—0 dkl ‘Z_l_‘_zkgzk%E(kz) Szz(kl)_
z e J(2m3) dm (k3 + k2)% k3e(u?)

(AT)

We next express the k, and k, integrals in spherical co-ordinates, e.g.

© n om
f dk, = f Kk, f d6,5sin 6, f dd,,
4] 0 0

where 0, is the angle k, makes with the &-axis (k,, = k,c0s8,), and ¢, is the (azi-
muthal) angle of k, in the plane perpendicular to £. We then perform the 6, and ¢,
integrations in (A 7) as follows:

2n n
%T J " ag, J " d8,sin 0,83, = 313 (A 8)

We also integrate S,,(k,) over a spherical shell of radius k, to obtain a scalar spectrum,
which we denote by E_,(k,):

k2 o Fid i .
Eyi(ky) = @3 fo dg, f | 0rsin0,8,,(ky) (@ ==,y,2), (A 9)

where 6, is the angle k, makes with the x-axis and ¢, is the azimuthal angle of k.
Substitution of (A 8) and (A 9) in (A 7) finally gives the scalar integral

W _ gm0 [ g [° ap, B Bulle)
= 2amieye [ Dk [ o e (419

Next, we evaluate 8{2. The expression for A2 is given by substitution of y,,(2) from
(A 2),in (A 3):

@ _ 3 %% [ 9k, fﬁ‘?_k_z[ _1 (_’%_x k2u) 2]
ﬂzz 6(%77) P (271,)3 477 klzk2z Zkz klzklz+klyklz klz
182 — (k,.k,) 2 E(k,) S, (k,)
(R} + kD k2 egCuly -

(A 11)
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This integrates very easily if we use approximation (A 6):
_(kl_ﬁ2)2 ~ k% (1—cos 6) - k3 I_kxzk2z+k1yk2y+klzk2z] (A 12)
k? T k34K k3 + k3 kyky ’

where we have used the identity cos@ = (k,.k,)/k, k,. We substitute (A 12) into

(A 11) and note that all terms odd in k,,, k,, or k vanlsh because E(k,) is an even

function of of these components. Hence (A 12) reduces to

Yol [ K f dkyky kY, [k, — 3(R, + A3,)] B(ky) Spp(ky) _

A2 = 8Gm=2 | s Tn(B+ kD) R eo (il (A13)

The right-hand side of (A 13) vanishes because E(k,) is a scalar function of k, so that
the integral of k%, —%(k%,+k3,) over k, vanishes; ie. fdk2k§,/k§ = fdk2 kg, /K% =
[ dko k3, /K3

The expression for A% is given by substitution of y,,(3), from (A 2), into (A 3). The
form of y,,(3) is greatly simplified by using

(1+k, ko) N (t+k kp)r 1
(k2+k2+2k, k)2 T (R +i22(1+K, k)2 (RR+ED)Y

where we have again used approximation (A 6). Substitution of y,,(3) and (A 14) in
(A 8) yields g2’ as

v,¢, ( Ak, [dk kopko, Kopky, ko k
2 = -oami e [0 [ [l (- )

v 1z V1iy
2k kzzsz(kz) (K1)
(k2 +13) &kgeo<u2>

Those terms in (A 14) which are odd in k,,, k,, or k,, vanish, so that using k, = k,, + ks,

(A 15) reduces to
(3) . 3 Yol dkl _d_k2 2k% kézE(kz) Szz(kl)
B 6Gm) e J@2m)?) 4w (k2+ k2% kZepu)

(A 14)

(A 15)

(A 16)

The k, and k, integrals are next expressed in spherical co-ordinates as was done for
BY. The 6, and ¢, integrations in (A 16) are given by

1 2 n
L f dg, f d6,sin O, k8, = 3K, (A 17)
4w 0 0

and the 6, and ¢, integrations are the same as (A 9). Substitution of (A 9) and (A 17)
in (A 16) gives S as the scalar integral

_ 12 Kk B (ky) B, (k)
BD = — éf dkf dly 22— 2221 (BT o) " (A 18)

This expression is similar in form to that given by (A 10) for g. The integrand of
(A 18) contains the additional factor k3(k%+ k%)~. However, as pointed out for
(A 4), the main contribution to the integrations in (A 18) come from %, ~ k,. (This
assumption is not used for the more general calculation of £’ in appendix C.) In the
present case we can take k3(k3+k%)~! ~ % in (A 18), and, comparing with (A 10),
obtain

B ~ —3pD. (A 18)
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The expression for 8% is given by substitution of y,,(4) in (A 3). It is then seen
that 42 is more complex than A, A2 and A2 because it contains more terms, but
mainly because it contains the factor

k2= (k2 + A3+ 2k, ko)t ~ (B + k)11 + K, . &,)-

(the term (1 +k;.k,)-? cancels out in the other 47,). The quantity (1 + &, .k,)~! can be
integrated by the straightforward expansion

(1 +k, k)t =1k, &, + &k, . k)2 + ...,

and, fortunately, the higher-order terms sum to a very small value (as we have found).
The other approximation we use in % is the following substitution of (A 6) in a
factor of g¥:
ai(i+k k) & 4 K
i Tk B+ Ky

We will not present the remainder of the calculation of g here because it is lengthy
and because 2 is small. We only quote the result as follows:

@ ~ _ gLk Yo% k3 E (ko) B, (ky) k2
fes = — 6=y f dklf s~ R ey

sk,  k\ky 1( 2
[00”(@+k3 E)E ﬁ(L“m+k9]"A1”

As with (A 18), if we use the fact that the main contribution to the integral in (A 19)
comes from k, ~ k,, then (A 19) becomes simply

B ~ —0-0398. (A 19')

Finally, £,, is obtained by substituting (A 10), (A 13), (A 18’) and (A 19’) for g%
into (A 3)

_a v, k2k2E(k) (Fr)
B, = 0-712(3m)t °€° f dk f dlc2 T, <u§> . (A 20)

The overall accuracy of (A 20) is dependent on the approximations using &, ~ k, such
as (A 6). These approximations are discussed in appendix C.

Calculation of 8,, and 3,

The integration of (24) for 8,, and g, is very similar to the integration of £, just given.
Furthermore, it is seen that f,, is converted into f,, by exchanging k,, with k,, and
ky, with k,,. For this reason, it will only be necessary to calculate 5,,.

To perform the k; and k, integrations of £, it is convenient to divide y,, into 3 parts
as follows:

Yew = Varl1) +V2(2) +720(3), (A 21a)
R L0 ol P W W
7zx(1) = (k%+k§)% L2 [sz (k k —k klz) klz] ’ (A 21b)

2k, oo k2 (1 + K, . k)2 koykoy Kgpkn, Kopko,
7za:(2)5— ?221_*_(]0%)1}]:4 2) [kga: (kzz/kzz k2 kzy k2 kz)k%x]: (A 210)
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i . k,.k, 2k2(1+k,.k,)?
yn(s)s{kﬁ(kl.m)[;*l“:(l_;_flf‘z)_%]+kzku[1+ e 2R

koyky, kapke, ko k
N PNC NS VL PR
e (e e ) e s ana)
(It is seen that y,.(1), ¥,.(2), v.(3) are analogous in form to v,.(2), V,2(3), V.z(4)
respectively; v,, has no term analogous to y,,(1).) Substitution of (A 21) in (24)
yields f,, divided into 3 parts:
Bee = PR+ B2 + B2
Vol [ 9Ky [dKyY,,(7) B(ky) Spp(ky) (A 22)

(1) = (L)t 020
piz = 6(zm) e J(2m3) 4n kZeg(u)

Each of these terms is calculated in the same way as was done for its counterpart
BY) above.
Thus, B is given by

(1) — &M& %_21 k2u_.k2w)2

ﬂza: 6(%7") € (271.)3 47 Ekz klyklz klz klz kla:

B = (kg K2 B(R,) 8,0(ky)

(k] + kD) Kk ep(ul)

We next substitute (A 12) into (A 22), multiply out the various components of k,

and k,, and use the fact that terms that are odd in k,,, k,, or k,, vanish when integrated
over k,. We thus obtain

Vol [ Ky [ dky §(K3, — kE,) k1, ki B (kp) S,p(Ky)

e J(@2m3] 4m (k3 + k)t k3 eo(ul

(A 229

A = 6(3mt

=0. (A23)

AL in (A 23) is equal to zero because the angular integration of k%, over the directions
of k, is equal to the angular integration of k%,.

The evaluation of A2 is very similar to that of 82 above. The expression for 2 is
obtained by substituting (A 21) into (A 22), and is substantially simplified by using
(A 14). We thus find that g2 is given by

(2 — _g(L iff_‘ﬁ‘.’f& Cilfz 2 (kzykZz_kzkau_kszZz) 2
B2 = —6(3mt = eny ) T kg, + ok bk Ek 2,
2kzk22k?E(k2)Szz(kl)

@+ i Rde,uzy @ 249
o ey Ofo [ Ky [ dKy 2 K B(ly) Spo(k,y)
ﬁza: 6(27T) c (271_)3 an (k§+k§)§k§eo(u§) . (A 24b)

The last step in (A 24) follows from the fact that terms odd in k,,, k,, or k,, vanish.
The integration over the spherical angles &, and ¢, given by

1 2

L (" ag, f " 30, 5in 6,3, 13, = <LKl (A 25)
47T 0 0

and the 6, and ¢, integrations are the same as in (A 9). Substitution of (A 9) and
(A 25)in (A 24) gives A2 as
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@ - _4(1)t 2% K kS B (ky) B0 (k)
B sam)?— f dkf dk, CENEIIXCOR (A 26)

This expression can be related to A in (A 10) by using our basic assumption (that the
main contribution to the integration comes from k; ~ k,) so as to approximate
k3(k3 +k3)~! = § in (A 26). (This approximation can be shown to be exact in (A 26)
for the zero-moment model of §4.1 in which E(k)/e, = E,,/{u2). The approximation
is not used for the more complex model of §4.3.) We thus have

BIEk,) E,  (k
@ = —gami 22 an, | an, T R, (A 26)

which has the same form as 8 with E,,/{u?) replaced by E,,/{u2).

The quantity B is relatively very small, and is also more complex than g2, It is
calculated in the same way as was done for 9. We merely present the result of this
calculation as follows:

@ ~ 6(Lr }”Oeo k3 kS B (k,) E (k)
fed = 6(km) fdkf ey (k2 +k2)% e dul)

. 4kt k)N ky, 1 2k2
oot (a2 Ersl-grm) am

As with (A 26) and (A 19) the main contribution to the integral comes from k, ~ k,,
so that (A 27) reduces to
B ~ —0-0965%. (A 27')

Finally, f,, is obtained by substituting (A 23), (A 26’) and (A 27’) into (A 22):

= — 0-36(4m)t Do KRB (ky) Brp(Ky)
Bp = — 0-36(37) fdkfdk k2+k2&eo<u (A 28)

Note that §,, equals —1/5,, when E_,/{u2) = E_,/(u2).

The expression for f,, follows from (A 28) by a simple symmetry consideration.
That is, it is seen in (20) that v,, is obtained from 7y,, by interchanging » and y (i.e.
interchanging k,, and k,,, k,, and k,,, S, and §,,, and u, and u,). Hence, £,, is ob-
tained from f,, by simply interchanging x and y:

_ 1 voeo K3k E(k,) B, (k)
By =—036(37 fdk fdka RN é%(uz) (A 29)

Appendix B. Derivation of A}, and A}
The purpose of this appendix is to derive expressions for 24%, and 24, analogous
to the expressions derived for 242 ; expressions such as (22) and (27). To do this, we

write the diagonal pressure-strain-rate elements in Fourier components as was done
for (2),

oy fony = = [l R Dik,PROY (=292 (B
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and then we substitute the p expression (5) into (B 1) to obtain

2051 (p du, fon) = 24N, + 2A%L,

2 k k oU,
Mo ELL Y %
A = (27r)3Vfdk 7 Cuk (K, t)yu,(k, 1)) gt
It can be seen from (B 2) that the expressions for A%, in §§3 and 4 can be changed to
expressions for 4%, by suitably interchanging the subscrlpts z and z. Similarly, 4%,
can be obtained by suitably interchanging z and y. Hence, from (22) and (24) we can
write A%, and A}, as

24N, = = = a2y + By + o] (n = 2,3,2), (B 3)
0

P dk, (dK, Y. E(ks) S(k,) .
wt = 6(37m)° = Cme | In T KeyCudd (i = 2,9,2), (B4)

where y,, is determined by symmetry from (20) to be

. _ - (k, k)2 [ .y ( kyy )k2]
(kYRR by klzkly
koy ko, koyko, ok
+B:’ck [kzr_*_( 2y T2z 2z 2z 2272
2 klyklz klzklz kl:ckl

_ k- (k, k) T A
w = T kA [“ 3k (kuk i k)’“]

kopko, kopks, Kok
* 2 2 M2z V2x ™2y Y2y 2z 1.2
L -

Ekﬁ_(kl'ﬁﬁz[lk ( k2s . k212 )k2
T EDERE LT ok, Ry,

z) k%z], (B 5a)

koo, koka; oy ko; .
Bt Mo (-2 i miva, (Bso)
s™1in s11 1n ™1t

2
Beoa - e knl) + M B5)

B;'; = {kn kln - kn k2n?_
2

We thus have (B 3) as the generalization of (22) for 24%, (where n = x,y,2). The
required coefficients y,,, y,, and y,; are given by (B 5). Note that (B 3) agrees with

Rotta’s modelif £, = 8., = B,. = —§Bun-

We integrate over the spherical angles of k, and k, in (B 4), exactly as in
appendix A. The result is the same as (25) (except for interchanged subscripts):

_ 3 Yobo B+EEEL )
ﬂnz_ n1,2 ) f dklf dk k2+k2)%eo<u2> (B 6)

dpp = 072, d,;=—-036 (n=*1).

ni
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The generalization of (27) to apply to 24%, and 24%, can now be obtained immediately

by substitution of (B 6) into (B 3). We thus have

® © 2 1.2
2‘471:7” = _0.72(%ﬂ)}UO_:Jf0 dklfo dkz (klsz(kz)

m [%Enn(kl) —E(k1)]; (B 7)

which is seen to agree with (27) when we use £ = }(E_,+E,, + E,,).
Substituting (29), the zeroth-moment model, into (B 7) we obtain the Rotta relation

24Y, = —e—eo CralC2Y—(B) 6] (n = 2,3,2),

Cpn = $f,, (for model (29)),

(B 8)

which generalizes (30) to all the diagonal components. In addition, for the zeroth-
moment model it is seen, from (B 6), that C,,,, is the same for all n:

Cypp = C,y, = C,, (for model (29)). (B9)

Appendix C. Higher-moment model

The purpose of this appendix is to evaluate numerically the coefficients g,; in (37),
and thus determine A%, for a spectral model in which the peak of E,,(k) does not occur
at the same wavenumber as does the peak of E,,. Such a model is suggested by the
data of Kaimal et al. (1972). We refer to this model as the higher-moment model
because, as we will see, all the moments of £, /{u2) differ from those of E,,/{u2). To
specify the model of E,;, we use three considerations suggested by the experiments:
(1) E,,, E,, and E,, approach each other for large k (approximate local isotropy at
large k); (2) <u2) > (ul) > (uZ); and (3) E,, peaks (has its maximum) at a smaller
wavenumber than does E,,. The model we chose for E,; is illustrated in figure 1. It is
given by

E, (k) = {“ezk'%_(’f > ko)
= aek(kr)mtkm (k< kr);

aetk-t (k> k}),
aek(ky)™-tkm (k< kY);

Ew =E,= { oY

where it is seen that £, and E,, have different peak wavenumbers, denoted by %,
and k7, respectively. Note, too, that for the sake of simplification we have taken
E,, = E,,. This simplification is approximately valid for weak shears but not for
strong shears. Nevertheless, this model is useful because at this time we are interested
in demonstrating how the single parameter ((u2)+ (u2))/(u2) influences g,; and A%,
rather than in dealing with the complexity of two parameters (u2)/{u2) and
{u2)[{uZ). It would not be too difficult to re-calculate the results of this section for a
model in which B, + E,, if that should become desirable. The r.m.s. velocity v, of
the present model, which we will need later on, is given by

feo = v§ = Jaeth A1 + 2(kr /KR (1 + §(m + 1)), (C2)

With the model spectrum specified by (C 1) we can now evaluate the numerical
coefficients f;; defined by (24). This evaluation requires that we do the k, and
k, integrations of (24), and these integrations can be divided into two parts: (1) an
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integration over spherical angles, and (2) an integration over wavenumbers. How-
ever, the angular integrations are not quite as simple as in appendix A because
k7, + k;, and, consequently, we cannot take k;, ~ k, everywhere in (24) as we did in
several equations of appendix A. Particularly inadequate, for the present case of
ky # k;, is the approximation k,/k, = 1 in going from (A 19) to (A 19°), and the
approximation k(%2 +£3)-1 = 1 in going from (A 18) to (A 18'), because k,/k, takes
on the value k;/k7 for a significant part of the integration. We do not use those
approximations in (24). On the other hand, the use of approximation (A 6) can be
justified as adequate for (24). To see why, let us compare approximation (A 6) with
‘the unapproximated form (A 5). In the worst case of k7 /k; = o0, we have ky/k, = ©©
for a significant part of the integration. In that case the right-hand side of (A 5) is
k%,(1 —cos? ), whereas the right-hand side of (A 6) is £2,(1 - cos #). Averaged over 0
it can be seen that (A 6) is about 30 9, greater than (A 5). Furthermore, &, ~ k, for
an important part of the integration in (A 4) because the factor in (A 5) itself is a
maximum. For that part of the integration there is almost zero error. Hence, when
integrated over all k, and k,, the approximation (A 6) tends to introduce a positive
error of only about }(0+ 30) = 15 9, for the worst case of k7 /k; = oo (or zero). How-
ever, we are only interested in less-extreme cases for which k7 /k; does not exceed
2 or 3. In those cases use of the approximation (A 6) results in a positive error of less
than 5 or 109,. Such an error or uncertainty is adequate for the present purposes,
considering the uncertainty of the cumulant neglect, and we shall use (A 6) in (24).

With the use of (A 6), the coefficient f,, in (24) is calculated in the same way as in
appendix A, except that we do not approximate (A 18) and (A 19) by (A 18’) and
(A 19'). Instead, f,, is given by (24) with gL, 2, g% and ¥ given respectively by
(A 10), (A 13), (A 18) and (A 19):

= (1 1‘20_61’ ® h k%kgE(l%)Ezz(kl)
Foe = (47) € fo dklfo aky (k3 + k3)% eg(ul)

24k {4k, )2( 2k2 ]

It is straightforward to evaluate (C 3) with E,, and £ = }(E,,+ E,, + E,,) given by
(C 1). This can be done easily by computer, but would mask the dependence of 5., on
k7 /ky. For this reason, we will use a simplifying approximation for the integrations
in (C 2) in order to make the dependence of #,, on k7,/k; explicit. This approximation
is to take E_ (k) = (u2)dk—kp), = (u2)o(k—kz), E, = E,, for those integra-
tions. This simplification makes ﬂzz and all the g,;) too small, because it ignores the
large-k contribution, but it gives the ratio of the f§;; accurately. In fact, we have also
calculated (C 2) without use of the simplification and found that the value of g
is about twice the value in the simplified case for all ¢ and j. Hence, we use the
simplified integration and multiply by a factor of 2. Substitution of the simplified Z,;
in the integrand of (C 3) and putting y = k7 /k; we obtain

2
B = CO(1+ 2y~ H)t {0 12yt i+ y

y
24 oos(- 2 _ 2_23/2)]}
[2~ +y2_008(1+y2 1)+3(1 el A1 (C4)

2 FLM 116
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where use has been made of (C 2) and the relation e, = §Cu2) (1 +2y~%). (The term
(0-72) 24yt in (C4) comes from the terms 1K, (k,) B, (k,)+3E,,(k;) E,,(k,) which
occur in E(k,) E,,(k,) of (C 3), whereas the square-bracket term in (C 4) comes from
the term }E, . (k,) E, (k) of (C 3).) The numerical constant C° equals 0-91 for the
simplified model and equals 2 for the unsimplified model given by (C 1). It is seen in
(C 4) that y = k7 /k, has a substantial influence on £,,.

The other coefficients f,,, £z, Bzy» Puz €be. are calculated similarly to £,,. Actually,
it is only necessary to calculate 8,,, f,, and f,, because all of the remaining f;; can
then be determined from symmetry and incompressibility considerations. For £,,,
the angular integrations of (24) are given by (A 22), with g%, A2, 2 given respec-
tively by (A 23), (A 26) and (A 27) (the approx1mat10ns (A 26') and (A 27’) cannot be
used for model (C 1)):

v K3k E (k) B, (ky)
o= =m0 [ " [ an, T e

(oo ()-S5 o0

Substitution of the delta-function model for E,; into the integrand of (C 5) yields

4
= —ioo 1+2y‘§)*:(0 36) 24+ _ T o0

(1+
ol 22 o

It can be seen that y has a particularly strong influence on £,,, and can cause the latter
to decrease by a factor of 2 when y increases from 1 to 3.

The coefficient f,, is determined from (C 5) by replacing B, (k) with E,(k,), and
then substituting the delta-function model for E;. The result is

3 4 4y
= - 0 _ii . _'é&‘ B Y U ——
Ly = — $0°(1+ 2y ):(036)2 y+[5(1+y2) 004(1+y2 1)

-2 o

from which it can be seen that 8, increases by only 10 9%, as y increases from 1 to 2.

Finally, the coefficient 3, is determined from (C 3) by replacing E,,(k,) with E_,(k,),
and then substituting the delta-function E,; model into the integrand. The result is

298 (32)y? 4
= 0 —ii . "% y _— 5 y —{ y —_
Bz = C°(1+2y ):(072)2 +(1+y2)%[2 1Ty 008(1+y2 1

3(-r) ) ©

where it can be seen that y has a very great influence on g ., causing the latter to
decrease by a factor of 2-3 when y increases from 1 to only 2.
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The remaining f;; are determined by symmetry because E,, = E,, in our model:

ﬁy:c = ﬂz:w ﬂyy = ﬁzz’ ﬂyz = ﬁzy’ ﬂccy = ﬁccz = ﬁzy' (C 9)

Thus, the f,; are all evaluated by (C 4), (C 6)—(C 9) as functions of y = k7 /k;. The
simplified model gives C° = 0-91; the unsimplified model gives approximately the
same values for f,; with C° = 2. These expressions for #;; show that variations of y
cause large variations of £, f,, and f,,, moderate variations of £, and f,,, and

small variations of 8., ... 8,, and f,,. It can also be shown that the calculated g,;
satisfy

z, Y, 2
7 0
LY

which is a consequence of the incompressibility condition

T, Y, e
3 AY=o.
i
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